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We consider the singular nonlinear integral equation u(x)= ∫RN g(x, y,u(y))dy/|y− x|σ
for all x ∈ RN , where σ is a given positive constant and the given function g(x, y,u) is
continuous and g(x, y,u) ≥M|x|β1|y|β(1 + |x|)−γ1 (1 + |y|)−γuα for all x, y ∈ RN , u ≥ 0,
with some constants α,β,β1,γ,γ1 ≥ 0 and M > 0. We prove in an elementary way that if
0 ≤ α ≤ (N + β− γ)/(σ + γ1 − β1), (1/2)(N + β + β1 − γ− γ1) < σ <min{N ,N + β + β1 −
γ − γ1}, σ + γ1 − β1 > 0, N ≥ 2, the above nonlinear integral equation has no positive
solution.
Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.
1. Introduction










|y− x|σ ∀x ∈R
N , (1.1)
where bN = 2((N − 1)ωN+1)−1 with ωN+1 being the area of unit sphere in RN+1, N ≥ 2,
σ is a given positive constant with 0 < σ < N , and g : R2N ×R+ → R is given continuous
function satisfying the following.
There exist the constants α,β,β1,γ,γ1 ≥ 0 andM > 0 such that
g(x, y,u)≥M|x|β1|y|β(1+ |x|)−γ1(1+ |y|)−γuα ∀x, y ∈RN , u≥ 0, (1.2)
and some auxiliary conditions below.
In the case of σ = N − 1, g(x, y,u(y)) = g(y,u(y)), the integral equation (1.1) is a
consequence of the following nonlinear Neumann problem
Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2006, Article ID 45043, Pages 1–10
DOI 10.1155/JIA/2006/45043








)= 0, x ∈RN , (1.4)
of which the boundary value u(x)= v(x,0) together with some auxiliary conditions will









|y− x|σ ∀x ∈R
N . (1.5)
In [3] the authors have studied a problem (1.3), (1.4) forN = 2 with the Laplace equa-




ur +uzz = 0 ∀r > 0, ∀z > 0, (1.6)




+uα(r,0) ∀r > 0, (1.7)
where I0, r0, α are given positive constants. The problem (1.6), (1.7) is the stationary case
of the problem associated with ignition by radiation. In the case of 0 < α≤ 2 the authors

















r2 + s2− 2rscosθ ∀r > 0,
(1.8)
associated to the problem (1.6), (1.7) has no positive solution. Afterwards, this result has




) ∀r > 0. (1.9)
In [7] the problem (1.3), (1.4) is considered forN = 2 and for a function g continuous,
nondecreasing and bounded below by the power function of order α with respect to the
third variable and it is proved that for 0 < α≤ 2 such a problem has no positive solution.
In [1, 2] we have considered the problem (1.3), (1.4) for N ≥ 3. The function g :RN ×
[0,+∞)→ [0,+∞) is continuous, nondecreasing with respect to variable u, satisfies the
condition (1.2) with γ = 0 and some auxiliary conditions. In the case of 0≤ α≤N/(N −
1), N ≥ 2 we have proved that the problem (1.3), (1.4) has no positive solution [1, 2].
In [5, 6] the authors have proved the nonexistence of a positive solution of the problem
(1.3), (1.4) with
g(x,u)= uα. (1.10)
In [6] it is proved with 1≤ α < N/(N − 1),N ≥ 2, and in [5] with 1 < α < (N +1)/(N −
1), N ≥ 2. We also note that the function g(x,u) = uα does not satisfy the conditions in
the papers [1, 7, 8].
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In this paper, we consider the nonlinear integral equation (1.1) for (1/2)(N +β+β1−
γ− γ1) < σ <min{N ,N + β+ β1− γ− γ1}, σ + γ1− β1 > 0, N ≥ 2. The function g(x, y,u)
is continuous, satisfies the condition (1.2) of which (1.10) is a special case. By proving
elementarily we generalize the results from [1–10] that for 0≤ α≤ (N + β− γ)/(σ + γ1−
β1) (1.1) has no continuous positive solution.
2. The theorem of nonexistence of positive solution
Without loss of generality, we can suppose that bN = 1 with a change of the constant M









|y− x|σ ∀x ∈R
N . (2.1)
Then we have the main result as follows.
Theorem 2.1. Let g :R2N × [0,+∞)→R be a continuous function satisfying the following








N ,N +β+β1− γ− γ1
}
,
σ + γ1−β1 > 0, N ≥ 2,
(2.2)
such that
g(x, y,u)≥M|x|β1|y|β(1+ |x|)−γ1(1+ |y|)−γuα ∀x, y ∈RN , u≥ 0. (2.3)
If 0≤ α≤ (N + β− γ)/(σ + γ1− β1) then, the integral equation (2.1) has no continuous
positive solution.
Remark 2.2. The result of theorem is stronger than that in [1, 7]. Indeed, corresponding
to the same equation (1.5), the following assumptions which were made in [1, 7] are not
needed here.
(G1) g(y,u) is nondecreasing with respect to variable u, that is,
(
g(y,u)− g(y,v))(u− v)≥ 0 ∀u,v ≥ 0, y ∈RN . (2.4)
(G2) The integral
∫
RN (g(y,0)dy/(1+ |y|)N−1) exists and is positive.
Remark 2.3. In the case of N ≥ 2, we have also obtained some results concerning in the
papers [2, 7, 9] in the cases as follows:
(a) β = β1 = γ = β = 0, σ =N − 1, 0≤ α≤N/(N − 1) (see [2]).
(b) β = β1 = γ = β = 0, 0≤ α≤N/σ (see [7].
(c) β1 = γ = 0, 0 < σ <min{N ,N +β− γ1}, 0≤ α≤ (N +β)/(σ + γ1) (see [9]).
First, we need the following lemma.
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|x|p+N−σ(1+ |x|)−q, if q− p > N − σ , (2.7)
where ωN is the area of unit sphere in RN .
The proof of lemma can be found in [9].
Proof of Theorem 2.1. We prove by contradiction. Suppose that there exists a continuous
positive solution u(x) of the integral equation (2.1).We suppose that there exists x0 ∈RN ,




u(x0)≡ L ∀x ∈RN , |x− x0| ≤ r0. (2.8)



















for all x ∈RN .
Using the inequality




1+ |x|) ∀x, y ∈RN , ∣∣y− x0
∣
∣≤ r0, (2.10)
we obtain from (2.9), (2.10) that
u(x)≥ u1(x)=m1|x|p1
(
1+ |x|)−q1 ∀x ∈RN , (2.11)
Nguyen Thanh Long 5
where








































(x) ∀x ∈RN .
(2.13)
Now, we consider separately the cases of diﬀerent values of α.
Case 1. 0≤ α≤ (N − σ +β− γ)/(σ + γ1−β1). We obtain from (2.6), (2.13) with p = β+
αp1, q = γ+αq1, q− p = γ−β+α(q1− p1)= γ−β+α(σ + γ1−β1)≤N − σ , that
u(x)= +∞ ∀x ∈RN . (2.14)
It is a contradiction.
Case 2. (N − σ +β− γ)/(σ + γ1−β1) < α < (N +β− γ)/(σ + γ1−β1). Using (2.7) with
p = β + αp1, q = γ + αq1, q − p = γ − β + α(q1 − p1) = γ − β + α(σ + γ1 − β1) > N − σ ,
we deduce from (2.13) that
u(x)≥ u2(x)=m2|x|p2 (1+ |x|)−q2 ∀x ∈RN , (2.15)
where
p2 = αp1 +β+β1 +N − σ ,
















1+ |x|)−qk−1 ∀x ∈RN , (2.17)
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1+ |x|)−qk ∀x ∈RN , (2.19)
where the sequences {pk−1}, {qk−1} and {mk−1} are defined by the recurrence formulas
pk = αpk−1 +β+β1 +N − σ ,











, k ≥ 2.
(2.20)
Note that (N − σ +β− γ)/(σ + γ1−β1) < 1 < (N +β− γ)/(σ + γ1−β1), hence we obtain






β+β1 +N − σ
)
(k− 1)+β1, if α= 1,
(








N − σ +β− γ
σ + γ1−β1 < α <
N +β− γ

















+ (σ + γ1)αk−1,
if
N − σ +β− γ
σ + γ1−β1 < α <
N +β− γ
σ + γ1−β1 , α 
= 1.
(2.22)





(x) ∀x ∈RN . (2.23)
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So, from (2.22), (2.23), we only need to choose the natural number k ≥ 2 such that
γ+αqk−β−αpk ≤N − σ < γ+αqk−1−β−αpk−1, (2.24)
since A[β+αpk,γ+αqk](x)= +∞.
On the other hand, by (2.21), (2.22) the inequalities (2.24) equivalent to
k− 1 < σ
N − σ +β+β1− γ− γ1 ≤ k, if α= 1, (2.25)
or




α(γ1−β1)− (N − σ +β− γ)




N − σ +β− γ
σ + γ1−β1 < α <
N +β− γ
σ + γ1−β1 , α 
= 1. (2.27)
By (2.23)–(2.26) we choose k as follows.
(i) If α= 1, we choose k satisfying σ/(N − σ +β+β1− γ− γ1)≤ k < 1+ σ/(N − σ +β
+β1− γ− γ1).
(ii) If (N − σ +β− γ)/(σ + γ1−β1) < α < (N +β− γ)/(σ + γ1−β1) and α 
= 1, we
choose k satisfying k0 ≤ k < k0 + 1, where
k0 = 1lnα ln
(
(γ1−β1)α− (N − σ +β− γ)
(σ + γ1−β1)α− (N +β− γ)
)
. (2.28)
Case 3. α= (N +β− γ)/(σ + γ1−β1). Note that by β+ αp1 = β+ αβ1 and γ + αq1 = N +





















for all x ∈RN .























r + |x|)σ = ωNB(x).
(2.30)
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, if |x| ≥ 1, (2.33)
with























, if |x| ≥ 1, (2.35)
and Ck−1, sk−1, are positive constants.





































r + |x|)σ .
(2.36)
Nguyen Thanh Long 9


























































, if |x| ≥ 1, (2.38)
where




k−1, k ≥ 3. (2.39)
From (2.34), (2.39) we obtain


















, α= (N +β− γ)
(σ + γ1−β1) > 1. (2.41)











Choosing x1 such that dC2 ln((1 + |x1|)/2) > 1. By (2.42), we deduce that u(x1)= +∞. It
is a contradiction.
Theorem is proved completely. 
Remark 2.5. In the case of g(x,u) we have not a conclusion about α > N/(N − 1) and
N ≥ 2, yet. However, when g(x,u) = uα,N/(N − 1) ≤ α < (N + 1)/(N − 1), N ≥ 2, Hu in
[5] have proved that the problem (1.3), (1.4) has no positive solution. In the limiting
case α = (N + 1)/(N − 1), positive solutions do exist (see [4–6]). In particular, for this
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value of α, the authors of [4] gave explicit forms for all nontrivial nonnegative solutions
u∈ C2(RN+1+ )∩C1(RN+1+ ) of the problem
−Δu= auα+(2/N−1) in x/ ∈RN , xN+1 > 0,
−uxN+1 (x/ ,0)= buα(x/ ,0) on xN+1 = 0.
(2.43)
They proved the following results:
(i) if a > 0 or a ≤ 0, b > B = √a(1−N)/(N +1), then u(x) = C(|x− x0|2 + β)(1−N)/2
for some C > 0, β ∈ R and x0 = (x01, . . . ,x0N+1) ∈ RN+1, where x01 = (b/(N −
1))C2/(N−1) and β = (a/(N +1)(N − 1))C4/(N−1);
(ii) if a= 0 and b = 0, then u(x)= C for some C > 0;
(iii) if a= 0 and b < 0, then u(x)= Cx1 + (−C/b)(N−1)/(N+1) for some C > 0;
(iv) if a < 0 and b = B, then u(x)= ((2B/N − 1)x1 +C)(1−N)/2 for some C > 0;
(v) if a < 0 and b < B, then there is no nontrivial nonnegative solution of the problem.
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